Gas dynamic codes are computational tools applied to the analysis of air management in internal combustion engines. The governing equations in one-dimensional elements are approached assuming compressible unsteady non-homentropic flow and are commonly solved applying finite difference numerical methods. These techniques can also be applied to the calculation of flow transport in complex systems such as wallflow monoliths. These elements are characterized by alternatively plugged channels with porous walls. It filters the particulates when the flow goes through the wall from the inlet to the outlet channels. Therefore, this process couples the solution of every pair of inlet and outlet channels. In this study, the adaptation of the two-step Lax and Wendroff method and the space-time Conservation Element and Solution Element method is performed to be applied in the solution of flow transport in wall-flow monolith channels. The influence on the prediction ability is analysed by a shock-tube test and experimental data obtained under impulsive flow conditions.
Introduction
The need to fulfil the increasingly restrictive emission regulations is leading the automotive industry to adopt the extensive use of aftertreatment systems in internal combustion engines. The development of these systems is conditioned by their effects on engine performance and gas flow path [1, 2] , but also by the competitive nature of the market, which demands the manufacturers to provide solutions regarding engine architecture and technology with high timing restrictions.
All these determinants highlight the inclusion of aftertreatment systems into gas dynamic codes. The main objective of this computational tool is the reliable evaluation of the engine performance with low computational cost [19] . Furthermore, studies on isolated engine systems can be performed. Hence, the importance of a proper development of fluid dynamic aftertreatment models. In the case of the wall-flow diesel particulate filter (DPF), the models are usually simplified to quasi-steady incompressible flow because of the traditional placement of this element at the engine tailpipe [18] . However, the improvement of the wall-flow DPF modelling regarding aspects such as the prediction of the acoustic response [21] , the heat transfer [9] or the evaluation of pre-turbo aftertreatment systems [1, 2] is leading to the consideration of unsteady and compressible flow effect [17, 21] .
*Corresponding author. Email: pedpicab@mot.upv.es A wall-flow DPF consists of a ceramic monolith with small axial parallel channels separated by a porous wall. At the inlet cross-section, the channels are alternatively plugged defining the inlet and outlet channels. The flow enters into the monolith through the inlet channels, which are plugged at its outlet cross-section. As a consequence, the flow inside the inlet channels is forced to flow across the porous substrate walls, where the soot particulates are filtrated and accumulated until the regeneration process takes place. Finally, the clean gas flow leaves the monolith through the outlet channels, which have the outlet cross-section open to the exhaust tailpipe. According to this architecture, the flow inside the wall-flow monoliths is modelled as one dimensional. However, finite difference numerical methods, which are traditionally applied in gas dynamic codes [8, 24] to obtain the numerical solution, need to be adapted. This is due to the flow entering or exiting the inlet and outlet channels, respectively, which means the coupling between the systems of governing equations of both channels.
The method of characteristics (MoC) has been adapted to the solution of the boundary conditions in the inlet and outlet channels of wall-flow monoliths [7] . The present work deals with the solution of the internal nodes in wall-flow monolith channels. The adaptation and evaluation of the twostep Lax and Wendroff method [13, 20] and the space-time Conservation Element and Solution Element (CE-SE) method [5, 6 ] to be applied in square channels of wall-flow DPFs are discussed. In the case of the two-step Lax and Wendroff method, the filtration velocity is calculated at the nodes which define the second step, so that simplifications taken in previous works [21] are overcome. Additionally, the flux-corrected transport (FCT) technique [3, 4] is considered to be coupled to the two-step Lax and Wendroff method. The influence of the specific formulation of the FCT technique is analysed in order to assess its capability in wall-flow DPF applications to remove the spurious oscillations produced by second-order symmetric numerical methods. A shock-tube test affecting the one-dimensional domain of a pair of inlet and outlet channels and an experiment under impulsive flow conditions are proposed to compare the performance of the different numerical methods.
Governing equations in wall-flow DPF channels
Wall-flow DPFs are the most common type of diesel particulate traps. This typology of filter consists of a monolithic structure characterized by a bundle of small axial parallel channels, typically of square cross-section. Adjacent channels are alternatively plugged at each end, so that the flow inside the inlet channels is forced to flow across the porous substrate walls. The soot particulates are deposited and accumulated inside and on the porous medium until a regeneration event takes place. Finally, the gas flow goes into the outlet channel and leaves the monolith.
According to this flow path, the governing equations in an inlet or outlet channel are represented by Equations (1), (4) and (5) . These conservation equations are approached assuming the flow inside the monolith channels to be one dimensional, compressible, unsteady and non-homentropic and the flow inside the porous medium to have a quasi-steady behaviour. The system is closed with the gas state equations in every channel and the equation governing the pressure drop associated with the flow passage through the porous medium.
• Mass conservation
Subscript k takes value 0 or 1 to represent an outlet or inlet channel, respectively; ρ is the gas density; u represents the gas velocity and F is the cross-section area of the channel. The source term accounts for the mass flow through the porous wall in the inlet or outlet channel. The definition of the source term is sketched in Figure 1 , where α defines the honeycomb cell size, which is constant all along the channels, w p represents the thickness of the particulate layer in the inlet channels and u w is the filtration velocity, both on the inlet and outlet surfaces of the porous wall. Assuming negligible Forchheimer's terms across the porous wall and the particulate layer, the filtration velocity on the inlet surface of the porous wall can be calculated according to the Darcy's law, which couples the governing equations of the inlet and outlet channels [21] :
Applying the continuity equation on the porous medium, the filtration velocity on the outlet surface of the porous wall is given by
• Momentum conservation
In the momentum conservation equation, p is the gas pressure, μ is the dynamic viscosity and F w is the friction loss coefficient for porous wall channels of square cross-section. It is important to note that the transport of momentum perpendicular to the main flow direction is neglected because of the low values of the filtration velocity [21] .
In the energy conservation equation, e 0 and h 0 represent the specific stagnation internal energy and enthalpy of the gas, respectively, q is the heat per unit of time and area transferred by convection between the gas and the porous wall and h 0w is the specific stagnation enthalpy of the flow entering or exiting the porous medium.
Numerical solution
The solution of the governing equations is performed by means of shock-capturing finite difference schemes, with the only exception of the boundary conditions, which are solved applying the MoC [7] . The governing equations of a pair of inlet and outlet channels are coupled by the flow across the porous wall, as Equation (2) indicates. Therefore, the numerical solvers need to be properly adapted from their traditional formulation for one-dimensional elements with a non-porous wall.
The two-step Lax and Wendroff method
The two-step Lax and Wendroff method [13] has been previously adapted to the solution of flow advection in porous wall channels of wall-flow monoliths by Torregrosa et al. [21] but applying a simplification of the filtration velocity calculation at the second step. Specifically, the two-step Lax and Wendroff method is formulated for the solution of the governing equations in the conservative form [21] , which is expressed in the vector form as
In Equation (6), W k and F k represent the solution and the flux vectors in channel k, respectively. The source terms are divided into two contributions. On the one hand, the source terms related to the cross-section area change, friction and heat transfer are included in vector C k ; on the other hand, the source terms characteristic of the porous medium are arranged in vector C w k .
The formulation of the two-step Lax and Wendroff method in porous wall channels is given by Equations (7) and (8):
Subscripts j and n in Equations (7) and (8) define the space-time mesh identifying the node (axial position) and the time level, respectively. Figure 2 represents the space-time mesh corresponding to the formulation of the two-step Lax and Wendroff method given by Equations (7) and (8) . The solution at node j and time level n + 1 is obtained in two steps. The solution vector in the first step is calculated at time level n + 1 2 in the virtual nodes j − 1 2 and j + 1 2 , so that the flow entering or exiting the control volume in a time step is possible to be determined. According to the definition of the method, this intermediate solution is obtained from the flow properties calculated at the previous time level (n) at nodes j − 1, j and j + 1 but with the inclusion of the porous medium flow terms. The second step allows obtaining the flow properties at node j at time level n + 1 from the virtual flow at coordinates (j − 1 2 , n + ). This procedure is applied to nodes in an inlet or outlet channel with a proper management of the porous medium flow terms. These are dependent on the filtration velocity, which is calculated at every node and time level n as a function of the gas pressure in the inlet and outlet channels, the porous medium properties and the continuity equation applied to the porous wall, as indicated in Equations (2) and (3). In contrast to previous works [7, 21] , the source terms related to the porous medium are obtained in the second step from the solution at time level n + 
FCT technique
The FCT technique [3, 4] is coupled with the two-step Lax and Wendroff method in order to avoid the spurious oscillations produced by this method in the vicinity of discontinuities. The
Inlet channel wall application of this technique does not require any adaptation when it is applied to the solution of porous wall channels. According to Niessner and Bulaty [15] , the FCT technique consists of three steps:
• The first step, which is named transport, involves the application of a second-order scheme to obtain the solution of the governing equations in the next time level. In this work, this scheme is the two-step Lax and Wendroff method formulated as described in Section 3.1.
• The second step involves the application of the diffusion procedure. The solution of the two-step Lax and Wendroff method is post-processed applying an artificial smoothing operator in order to remove non-physical overshoots:
where
Depending on the time level in which the smoothing operator is applied, finally, it is obtained that
The value of ϑ has been set to 1 2 in order to apply the maximum Courant-Friedrichs-Lewy (CFL) value fulfilling the total variation diminishing (TVD) property when the FCT is combined with the two-step Lax and Wendroff method [10] .
The direct application of this smoothing correction to vector W k involves the violation of the conservation equations under non-homentropic flow conditions. Non-constant cross-section one-dimensional elements, which is the case of the inlet channel in loaded DPFs, and mass and enthalpy flow through the porous walls fall into these conditions. Therefore, the smoothing operator is performed on conservative magnitudes instead of components of vector W k as proposed by Liu et al. [14] . These conservative magnitudes, which will be represented by vector W c,k , are the mass flow, stagnation enthalpy and stagnation pressure.
• The third step of the FCT technique is the application of an anti-diffusion operator. The objective is to recover the second-order accuracy in the regions where the solution of the two-step Lax and Wendroff was initially smooth. A nonlinear operator is defined as
where the anti-diffusive operator was defined by Ikeda and Nakagawa [11] (
being the terms
Depending on the time level in which the correction is applied, the anti-diffusion operator can be written as
Finally, the components of the solution vector W k are calculated to deal with the solution of the next time level.
The CE-SE method
The CE-SE method [6] solves the governing equations subdividing the space-time mesh into rhombic regions (Solution Element (SE)), in which the solution is provided by Taylor's approximation, and rectangular regions (Conservation Element (CE)), in which the conservation equations are fulfilled. Taylor's approximation applied in every SE, which is centred in a mesh node (j, n), is given by the following equation:
In Equations (18)- (21), m takes the value 1-3 for the mass, momentum and energy conservation equations, respectively.
The conservation laws in every CE are expressed in integral form:
The first addend of Equation (22) can be rewritten as a path integral to the boundary of CE (j, n + 1 2 ) applying Green's theorem [6, 12] . The second addend in Equation (22) , which accounts for the surface integral corresponding to the source terms (change of area, friction, heat transfer and porous wall), can be approximated from the three SEs in which every CE is divided as follows:
The components of the source term vector corresponding to the cross-section area change, friction and heat transfer in a square channel of the wall-flow monolith are written as
The source terms related to the porous nature of the inlet and outlet channels of the wallflow monolith account for the mass and enthalpy flow through the porous walls. These terms are governed by the filtration velocity:
In order to reduce the computational cost of the CE-SE method, an explicit formulation for the solution of the source terms has been adopted according to the proposal of Briz and Giannattasio [5] . Additionally, the solution of every node (j, n) of an inlet channel is coupled to the solution of the corresponding node (j, n) in the outlet channel because of the calculation procedure of the filtration velocity. As in the case of the Lax and Wendroff method, the filtration velocity has been evaluated in intermediate time steps and nodes.
Discussion of the results
This section is devoted to assess the performance of the two-step Lax and Wendroff method, combined or not with FCT, and the CE-SE method when solving the governing equations in a pair of inlet and outlet channels of wall-flow DPF monoliths. The evaluation of the numerical methods is based on the performance of the solution in a shock-tube tests adapted to the specific case of wall-flow monolith channels. The simulations are computed assuming perfect gas and the lack of friction, heat transfer and area change.
The approached shock-tube test consists of a pair of inlet and outlet channels. A diaphragm in the inlet channel separates two regions where the flow has different conditions in pressure and temperature. An additional diaphragm is placed on the porous wall so that source terms due to porous medium flow are inhibited. The flow conditions in the outlet channel are equal to those in the right side of the inlet channel. The separation between both flow regions in the inlet channel is imposed in the centre of the domain defined as D = {x : x ∈ [−1, 1]} m, which is expressed in metres. This diaphragm and the one which is placed on the porous wall are removed at time t = 0 s. The initial conditions in every region are detailed in Table 1 , which are representative of the beginning of the DPF operation during an engine start, both in magnitude of pressure and temperature discontinuity. The inlet and outlet channels have a honeycomb cell size of 1.486 mm. The porous wall is 0.3 mm in thickness and the wall permeability is 2.49 × 10 −13 m 2 . Figure 3 shows the evolution in time of the flow properties in the inlet and outlet channels obtained with the CE-SE method and a spatial mesh size of 0.66 mm. The solution provided by the CE-SE method with this mesh is taken as reference because of the lack of exact solution for the proposed shock-tube test and the accuracy of this method when applied to shock waves problems in one-dimensional problems [22, 23] This domain defines the region of the rarefaction wave. The temperature in this domain is higher in the inlet channel than in the outlet one so that the rarefaction wave, which is mainly dependent on the speed of sound, travels faster in the inlet channel. Consequently, the pressure becomes higher in the outlet channels producing the back-flow towards the inlet channel.
As time goes by, the pressure in the region of the left side of the channels which has not been reached by the rarefaction wave becomes balanced due to the initial flow across the porous walls. This phenomenon reduces the pressure in the inlet channel increasing it in the outlet one. Additionally, the backward advance of the rarefaction wave produces a region of negative filtration velocity. This region increases in length with time because of the higher distance that this wave travels in the inlet channel. However, the negative filtration velocity is reduced in magnitude because of the balance in pressure between the inlet and outlet channels. Difference in filtration velocity between the inlet and outlet channels is explained by the difference in density, which is in turn given by the difference in temperature.
Besides the rarefaction wave effect, a shock wave is generated in the inlet channel when diaphragms are removed. This shock wave produces a region of greater pressure in the inlet channel than in the outlet one. Therefore, a region of flow from the inlet to the outlet channel is generated after the shock wave covering the domain {x : x ∈ [0, 0.036]} m at time 0.0001 s.
The initial filtration velocity discontinuity produces a pressure discontinuity in the inlet channel of second-order effect. The back-flow from the outlet to inlet channels when the rarefaction wave is generated leads to the increase of pressure in the inlet channel producing a new contact discontinuity of lower magnitude. It is detected by the small peak of pressure in the front of the shock wave.
It is worth to note the effect of the filtration velocity on the flow velocity field in both of the channels. In a solid walls channel, a shock-tube test like the computed one produces a flat velocity profile between the rarefaction and the shock wave. However, in the case of a wall-flow pair of channels, the velocity profile is only flat between the rarefaction wave and the region of positive filtration velocity. In the case of the inlet channel, there is a decrease of flow velocity in the region of positive filtration velocity due to the loss of mass flow through the porous wall. On the contrary, the outlet channel suffers an increase of mass flow because of the flow going into it from the porous wall, which explains the increase of flow velocity at constant density. Finally, the product of density and velocity sets the specific mass flow profile along the time shown in Figure 3 . Figure 4 shows the comparison of the solution provided at time 0.001 s by the CE-SE and the two-step Lax and Wendroff methods in the inlet channel. Both solutions have been obtained by applying a spatial mesh size in the inlet and outlet channels equal to 20 mm. As converged solution has been taken that shown in Figure 3 , which corresponds to the CE-SE method and a spatial mesh size of 0.66 mm.
Both of the methods are able to reproduce with good accuracy the flow properties in time and space. Nevertheless, the two-step Lax and Wendroff method is characterized by a dispersive solution with spurious oscillations around the discontinuities, which is typical in shock-capturing methods of second and higher orders.
In the case of the CE-SE method, the solution does not show any kind of oscillation which may lead to divergences in the solution as the spatial mesh size increases. This is the most important advantage of the CE-SE method. However, the solution is diffusive, which prevents the method to reproduce small discontinuities. This effect appears around the contact discontinuity in the solution of the specific mass flow in the inlet channel, which is shown in Figure 4 . Both the maximum and minimum peaks in specific mass flow due to the change in density and the mass flow across the porous medium are not predicted properly.
An interesting alternative is the combination of the two-step Lax and Wendroff method with the FCT technique. Figure 5 compares the solution in the inlet channel of the two-step Lax and Wendroff with and without its coupling with the FCT technique. In this case, a damping and phoenical formulation has been considered for the smoothing and anti-diffusive operators, respectively. A slight worse prediction of the filtration velocity is obtained with respect to the use of the CE-SE method, since some dispersion appears in the region of the contact discontinuity. However, the results allow concluding that the use of the FCT technique provides a very similar solution than the CE-SE method but with the advantage of lower computational cost [19] . Nevertheless, the use of the FCT technique is only worth with a spatial mesh size avoiding the divergence of the solution of the two-step Lax and Wendroff method. This situation is shown in Figure 6 , which represents the solution applying a spatial mesh size of 33.3 mm. Only the application of the CE-SE method provides an accurate solution although at the expenses of higher diffusion around the discontinuities. The use of the two-step Lax and Wendroff gives, as a result, a totally diverged solution being its combination with the FCT technique unable to correct it.
An additional sound consideration regarding the use of the FCT techniques is the selection of the smoothing and the anti-diffusion operators. Figure 7 represents the solution of the filtration velocity in the inlet channel with different combinations of the FCT operators. Only a damping and phoenical formulation of the FCT operators corrects properly the non-physical overshoots around the discontinuities. Therefore, it is only the combined use of the damping and phoenical operators advisable to be applied as solver in wall-flow monolith channels.
A comparison between modelled results and experimental data obtained in an impulse test rig is provided in Figure 8 . This facility allows the generation of engine-representative pressure pulses, which can be isolated avoiding interferences from boundary conditions. Therefore, reflected and transmitted pressure pulses generated by the tested device are obtained. Characteristics of the impulse test rig and the measurement procedure are described in [16] . This test is usually applied to assess the acoustic performance of elements in the intake and exhaust lines of internal combustion engines. It is based on the sudden generation of an isolated pressure wave of a given amplitude and duration, which determines the incident pressure wave. The use of experimental data provides added value to the assessment of the adapted numerical methods to the type of one-dimensional systems presented in this paper due to the fact that it gives a proper insight into the problem whose solution is being sought. Figure 8 shows that the use of any of the adapted methods analysed in this work is able to accurately reproduce the dynamic and the acoustic response of a wall-flow monolith both in time domain and in the frequency domain (sound pressure level (SPL) prediction). Nevertheless, the combination of the two-step Lax and Wendroff method and a FCT technique allows obtaining a better response in the frequency domain because of a prediction of the SPL without noise although with a slight drift of the transmitted and reflected SPL as the frequency increases. Negligible differences have been found comparing with the results of the CE-SE method. 
Conclusions
The use of shock-capturing methods to solve unsteady compressible flow in wall-flow DPFs provides good accuracy in the prediction of pressure drop, heat transfer and acoustic performance. However, the solution of inlet and outlet channels is coupled because of the source terms in the governing equations which are dependent on the porous wall permeability and the flow properties in every channel. This paper has described in detail the adaptation of the two-step Lax and Wendroff method and the CE-SE method in order to be applied to the solution of the governing equations in this kind of one-dimensional structures.
A shock-tube test has been proposed to assess the performance of each of the involved methods. The two-step Lax and Wendroff method shows the typical spurious oscillations around discontinuities generated by second-order or higher order symmetric schemes. The combination of the two-step Lax and Wendroff method and an FCT technique contributes to remove these oscillations. However, this coupling is very dependent on the formulation of the diffusion and anti-diffusion operators. The results in this work show that only the combination of a damping diffusion and a phoenical anti-diffusion operators provides accurate results. Similar results to the two-step Lax and Wendroff method with the FCT technique are obtained applying the CE-SE method, although at the expense of an increase of the computational effort. However, this drawback may be compensated by the lower sensibility of the CE-SE method to a mesh size increase, which has been shown to be critical when the two-step Lax and Wendroff method is used. Finally, the numerical solution of every of the method has been compared with experimental data obtained in an impulse test rig. The analysis of the results in both the time and the frequency domain has shown the ability of each of the adapted methods to properly reproduce the dynamic wall-flow monolith response.
